Abstract. In the present paper we give results on the closedness and the self-adjointness of the sum of two unbounded operators. We present a new approach to these fundamental questions in operator theory. We also prove a new version of the Fuglede theorem where the operators involved are all unbounded. This new Fuglede theorem allows us to prove (under extra conditions) that the sum of two unbounded normal operators remains normal. Also a result on the normality of the unbounded product of two normal operators is obtained as a consequence of this new "Fuglede theorem". Some interesting examples are also given.
Introduction
We start with some standard notions and results about linear operators on a Hilbert space. We assume the reader is familiar with other results and definitions about linear operators. Some general references are [8, 9, 13, 15, 26, 28, 33] .
All operators are assumed to be densely defined together with any operation involving them or their adjoints. Bounded operators are assumed to be defined on the whole Hilbert space.
If where D(BA) = {x ∈ D(A) : Ax ∈ D(B)}. Since the expression AB = BA will be often met, and in order to avoid possible confusions, we recall that by writing AB = BA, we mean that ABx = BAx for all x ∈ D(AB) = D(BA).
Recall that the unbounded operator A, defined on a Hilbert space H, is said to be invertible if there exists an everywhere defined (i.e. on the whole of H) bounded operator B such that BA ⊂ AB = I where I is the usual identity operator. This is the definition adopted in the present paper. It may be found in e.g. [2] or [8] . We insist on the inverse being defined everywhere since if it were not, that it is known from the literature that some of the results to be proved (for instance Corollary 1) may fail to hold. Of course, in some textbooks, they do not assume the inverse defined everywhere as in e.g. [13] .
An unbounded operator A is said to be closed if its graph is closed; self-adjoint if A = A * (hence from known facts self-adjoint operators are automatically closed); normal if it is closed and AA * = A * A (this implies that D(AA * ) = D(A * A)). The following lemma is standard (for a proof see eg [8] We include a proof (not outlined in [33] ) to show the importance of assuming the inverse defined everywhere:
Proof. Since A is invertible, AA −1 = I (in [13] we would have AA −1 ⊂ I only) and hence
Since we always have A * B * ⊂ (BA) * the result follows.
It is worth noticing that similar papers on sums and products exist. The interested reader may look at [3] , [7] , [10] , [11] , [12] , [14] , [16] , [17] , [18] , [19] , [20] , [21] , [24] , [22] , [31] and [32] , and further bibliography cited therein.
Let us briefly say a few words on how the paper is organized. In the main results section, we start by proving the first result on the closedness of the sum. Then a self-adjointness result is established. Also, it is proved that the adjoint of the sum is the sum of the adjoints. To treat the case of the normality of the sum of two normal operators, we prove a new version of the Fuglede theorem where the operators involved are unbounded. This last result can too be used to prove a result on the normality of the product of two unbounded normal operators.
Main Results
We start by the closedness of the sum. We have 
Proof. First note that the domain of
hence the domain of A + B is D(B). By Lemma 1, A is automatically closed. Then we have
Since A −1 is bounded (and B is closed), BA −1 is closed, hence by Theorem 1
is also closed by Lemma 2, proving the closedness of A + B on D(B).
Remark. Before going further in this paper and since conditions of the type D(BA −1 ) ⊂ D(A) will be often met, we give an example of a couple of two unbounded operators satisfying this latter condition. Let A and B be the two unbounded closed operators defined by
on their respective domains
The operator B is invertible with a bounded inverse given by
on the whole Hilbert space L 2 (R). Then
Remark. The hypothesis D(BA −1 ) ⊂ D(A) cannot merely be dropped. As a counterexample, let A be any invertible closed operator with domain D(A) H where H is a complex Hilbert space.
We now pass to the self-adjointness of the sum. We have 
Proof. It is clear, thanks to
and hence
So we have
=B(I + AB −1 ) (since A and B are self-adjoint)
The following known fact A + B ⊂ (A + B) * , then makes the "inclusion" an exact equality, establishing the self-adjointness of
Remark. The condition D(AB −1 ) ⊂ D(A) cannot just be dispensed with. As before, take A to be any unbounded and invertible self-adjoint operator and B = −A.
Remark. Of course, writing AB = BA does not mean that A and B strongly commute, i.e. it does not signify that their spectral projections commute. See e.g. [4] , [6] , [25] , [27] and [30] .
However, a result by Devinatz-Nussbaum-von Neumann (see [4] ) shows that if there exists a self-adjoint operator T such that T ⊆ T 1 T 2 , where T 1 and T 2 are self-adjoint, then T 1 and T 2 strongly commute. Thus we have Proposition 1. Let A and B be two unbounded self-adjoint operators such that B (for instance) is also invertible. If AB = BA, then A and B strongly commute.
Proof. By Lemma 3, we may write
i.e. AB is self-adjoint. By the Devinatz-Nussbaum-von Neumann theorem, A and B strongly commute.
We can also give a result on the adjoint of the sum of two closed operators. This generalizes the previous one as we will be explaining in a remark below its proof. Besides it will be useful in the case of the sum of two normal operators. We have
Theorem 4. Let A and B be two unbounded invertible operators such that
Proof. The idea of proof is akin to that of Theorem 3. First, we always have
Second, since A and B are both invertible, by Lemma 3, we have 
Now write
The proof is therefore complete.
Remark. We could have supposed that only B is invertible, but then we would have added the hypothesis B * A * ⊂ A * B * . This latter observation tells us that Theorem 4 generalizes in fact Theorem 3.
Remark. The condition D(
cannot just be dispensed with. As before, take A to be any unbounded closed and invertible operator and B = −A.
is not satisfied. At the same time observe that
where H is the whole Hilbert space.
In [20] , we proved the following result To prove it, we had to use a theorem by Hess-Kato (see [11] ), mainly for the closedness of A + B and to have (A + B) * = A * + B * . Thanks to Theorems 2 & 4 we may avoid the use of that theorem. Besides we are able here to prove a new version of the Fuglede theorem where all operators involved are unbounded which will allow us to establish the normality of the sum of two normal operators. We digress a bit to say that another all unbounded-operator-version of Fuglede-Putnam is the Fuglede-Putnam-Mortad theorem that may be found in [23] , cf. [?, ?] .
Here is the promised result Proof. Since B is invertible, we may write
Since B −1 is bounded and A is unbounded and normal, by the classic Fuglede theorem we have
But B is invertible, then by Lemma 3 we may obtain
Interchanging the roles of A and B, we shall get
Thus
Remark. A similar result holds with one operator assumed normal. The key point again is that the inverse is bounded and everywhere defined. So since AB = BA, we obtain
Since these operators are everywhere defined, we get
The rest follows by the bounded version of Fuglede theorem. However, if we do not assume the bounded inverse defined everywhere, then AB = BA does not imply that
Here is a counterexample which appeared in [30] . It reads:
Let S be the unilateral shift on the Hilbert space ℓ 2 . We may then easily show that both S+S * and S−S * are injective. Hence A = (S+S * ) −1 and B = i(S−S * )
are unbounded self-adjoint such that AB = BA. Nonetheless
since otherwise S and S * would commute! As a first consequence of Theorem 6, we have A + B is closed thanks to Theorem 2. Also, since A and B are both normal, we obviously have
so that Theorem 3 applies and yields
Since AB = BA, Theorem 6 implies that
and
All these domain inclusions allow us to have
Hence we may write
As another consequence of Theorem 6, we have the following result on the normality of the product of two unbounded normal operators. 
Now we prove Corollary 1:
Proof. We first note that BA is closed thanks to Lemma 2 (or simply since BA is invertible hence Lemma 1 applies!), hence so is AB. Lemma 3 then gives us (AB) * = B * A * . By Theorem 6 we may then write
establishing the normality of AB.
Remark. In [22] we had the same result with the extra conditions D(A), D(B) ⊂ D(BA). Here we have showed that the last two conditions are not essential. Hence Corollary 1 is an improvement of the result that appeared in [22] .
Remark. Let us give an example that shows the importance of assuming A and B invertible. Let B be the operator defined by
where the derivative is taken in the distributional sense. Then B is normal (it is in fact the adjoint of the operator defined by xf
We may then easily check that
on their common domain
Hence AB and BA are not closed, hence they are not normal. Now, proceeding as in [18] (where a similar operator was dealt with) we may show that via a form of the Mellin transform that B is unitary equivalent to the multiplication operator M defined by
But M is known to be non invertible, so neither is B nor is A.
Conclusion
Lemma 3 has played a very important role in the proofs of most of the results in the present paper. Of course, we could have used other similar known results in the literature. See for instance [1] and [29] . Theorem 6 also played an important role in the proof of Theorem 7. We could have also used the Fuglede-Putnam-Mortad theorem which appeared in [23] . We also think that Theorem 6 should have other applications somewhere else. 
